Quantum entanglement in the Hénon-Heiles system is analyzed using the squeezed coherent state. Enhancement of quantum entanglement via squeezing is explored in connection with chaotic and regular dynamics of the system. It is found that the entanglement enhancement via squeezing is implicitly linked to the local structure of the classical phase-space and it shows a clear quantum-classical correspondence. In particular, the entanglement enhancement via squeezing is found to be negligible for a highly chaotic orbit compared to the regular and weakly chaotic orbits, and shows a clear correspondence to the degree of chaos present in the classical initial condition. We believe that these results might be useful to develop efficient strategies to enhance entanglement in quantum systems.
Introduction
The Hénon-Heiles system was first studied by the astronomers Michel Hénon and Carl Heiles in 1964, in the context of analyzing the third integral of motion in galactic dynamics [Henon & Heiles, 1964] . This is one of the simplest systems which shows rich dynamical behavior including chaos and escaping dynamics for certain range of energy values. Due to its simplicity and its rich dynamical properties, chaos theorists have extensively explored different classical dynamical aspects of this system [Aguirre et al., 2001; Blesa et al., 2014; Barrio, 2006; Blesa et al., 2012] . In the quantum chemistry community, the Hénon-Heiles system is also widely used to model the polyatomic vibrational spectra and to study the quantum classical correspondence [Pomphrey, 1974] . The initial research work on the quantum Hénon-Heiles system starts from Percival's postulate on the existence of two kinds of energy levels for a bounded system: one for the regular orbits and the other one for the chaotic orbits [Percival, 1973] . Further research in this area has clearly established the existence of different types of energy levels termed as "irregular spectrum" and "regular spectrum" which correspond to chaotic and regular orbits respectively [Pomphrey, 1974; Noid et al., 1980] . In the Hénon-Heiles system, Davis, Stechel and Heller [Davis et al., 1980] had analyzed the time evolution of a tensor product coherent state for chaotic and regular initial conditions. They found a clear distinction between the correlation function of the wave function for the chaotic and regular initial conditions. In the celebrated article by Feit, Fleck and Steiger [Feit et al., 1982] , they had proposed an extremely efficient computational method to determine the eigenvalues and eigenfunctions of the Schrödinger equation and they have computed the eigenvalues an eigenfunctions of an asymmetric double-well potential and the Hénon-Heiles system with extreme accuracy. In addition to that, Feit and Fleck [1984] had also analyzed the correspondence between the wavepacket dynamics and chaos in the quantum Hénon-Heiles system. Their split operator algorithm is memory efficient and extremely fast compared with the matrix method. Due to this reason, we use their algorithm to find the time evolution of the initial tensor product squeezed coherent state.
The usual trends in the Quantum Chaos community is to study the energy level statistics and the nodal domain pattern associated with a quantum system as a quantum signature of classical chaos [Berry & Robnik, 1986 , 2002 . Periodic orbit theory and the cycle expansion are also considered as one of the major topics [Cvitanović & Eckhardt, 1989] . Improvements in number theory have been made through Quantum Chaos in connection with Berry's conjecture, which states that the zeros of the Riemann zeta function can be identified as the eigenvalues of a Hermitian operator [Berry & Keating, 1999; Sierra & Rodríguez-Laguna, 2011] . Apart from these lines of research, there is an increased interest in the entanglement dynamics and its quantum-classical correspondence. Theoretically and experimentally it is observed that, there exist a clear relationship between quantum entanglement and classical chaos [Miller & Sarkar, 1999; Ghose & Sanders, 2004; Chaudhury et al., 2009; Lombardi & Matzkin, 2011; Lakshminarayan, 2001] .
On the other hand, there is an increased interest in the squeezed quantum states in connection with quantum information processing. In the JaynesCummings model for example, it has been demonstrated that a stronger entanglement between a two-level atom and an electromagnetic field mode can be achieved by using a squeezed state rather than a coherent state as the initial photon state [Furuichi & Mahmoud, 2001] . Interestingly, the entanglement enhancement is observed only when the initial state of the field mode is sufficiently squeezed. In other interesting investigations, the enhancement in entanglement via unequal singlemode squeezing performed separately on the two field modes is studied [Shao et al., 2009; Er et al., 2013] . It is also found that the entanglement persists even in a decohering environment with high temperature when the normal modes are squeezed [Galve et al., 2010] . In addition to that, Wang and Sanders [2003] have analyzed symmetric multiqubit states and they have found a clear relationship between spin squeezing and pairwise entanglement. Most recently, Beduini and Mitchell [2013] have extended the results of [Wang & Sanders, 2003 ] to optical fields and they have found a spin-squeezing inequality for photons. Recently, the classically chaotic quantum maps are also explored in connection with quantum computation [Giraud & Georgeot, 2005; Rossini & Benenti, 2008] and it has been found that quantum chaotic maps can efficiently generate pseudorandom states carrying almost maximal multipartite entanglement.
Taking these works into account, it is worthwhile to analyze the effect of squeezing on the entanglement enhancement in the Hénon-Heiles system. Even though the Hénon-Heiles system is widely explored and shows a rich classical dynamical behavior ranging from bounded motion to chaotic and escaping behavior, this system is not explored in connection with the entanglement dynamics. Hence, our goal in this paper is the following. We focus on the entanglement enhancement due to the local squeezing of the wavefunction and its quantum-classical correspondence. It is already known that chaotic orbits can give higher entanglement maxima, while regular orbits give a smaller value [Zhang & Jie, 2008] . Hence the entanglement maxima depends on the nature of the underlying classical dynamics. In this article, we answer the question of entanglement enhancement and its dependency on the underlying regular and chaotic dynamics. This paper is organized as follows. First, we give a brief theoretical description of the system and a short explanation of all the used numerical tools. Secondly, the classical dynamics of the Hénon-Heiles Hamiltonian is studied in a completely regular phase-space regime and the corresponding quantum entanglement for the squeezed coherent state is analyzed. Finally, the Hénon-Heiles Hamiltonian in the predominantly chaotic phase-space regime is analyzed along with the corresponding quantum entanglement dynamics.
Model Description
The classical Hamiltonian of the Hénon-Heiles system can be written as
where
3 ) is the twodimensional Hénon-Heiles potential and λ gives the coupling strength.
In the quantum case, the corresponding Schrödinger equation can be written as:
The time evolution of the quantum state ψ(x, y, t) is given by
The time evolution of the wave function is performed numerically using the second-order split operator technique. Feit et al. [Feit et al., 1982; Feit & Fleck, 1984] have done a detailed analysis of the time evolution of the wavepacket in the Hénon-Heiles potential and we follow their approach.
Since we study the continuous variable entanglement in quantum Hénon-Heiles system, a pure continuous bipartite state can be written as
where |x and |y are the continuous basis representation of the position operators of the first and second particles respectively. The reduced density matrix of the first subsystem ρ 1 can be obtained by summing over the second field mode, and it can be represented in terms of the bipartite wave function ψ(x, y), i.e.
where ρ 1 (x, y) is the reduced density matrix of the first subsystem in the continuous position basis representation.
To quantify the continuous variable entanglement, we use the von Neumann entropy of the entanglement using the numerical methods proposed by Parker et al. [2000] and Bogdanov et al. [2006] . The von Neumann entanglement entropy of the reduced density matrix is given by
where λ i are the eigenvalues of the Hermitian kernel ρ 1 (x, x ). The eigenvalues are computed from the Fredholm type I integral equation of ρ 1 (x, x ), which is given by
where λ i is the eigenvalue of the corresponding Schmidt eigenfunction φ i (x).
The Squeezed Coherent State
Since the numerical computation is performed using the split operator method, the wavefunction has to be represented in the position basis. Hence, the coordinate representation of the squeezed coherent state is used and different expressions for the coordinate representation of the squeezed coherent state exists [Rai & Mehta, 1988; Fan & VanderLinde, 1989] . Because of the numerical stability for the higher values of the squeezing parameter and due to the relative simplicity of the wavefunction, we prefer the one proposed by Møller, Jørgensen and Dahl [Møller et al., 1996] . Following the definition of Hollenhorst [1979] and Caves [1981] the displacement and squeezing operators can be written aŝ
Then, the squeezed coherent state is defined as
where, α k = |α k |e iφ k and ζ k = |r k |e iθ k are complex numbers and α k are related to the phase-space variables (q k , p k ), in the following manner
where k = 1, 2, respectively. Following the definition of Møller, Jørgensen and Dahl [Møller et al., 1996] , the squeezed coherent state in the position basis can be written as
The tensor product state ψ(x, y) = ψ(x, α 1 , ζ 1 ) ψ(y, α 2 , ζ 2 ) is used to explore the quantum entanglement dynamics for different squeezing parameter values. It is important to mention the quantumclassical correspondence of the classical phase-space variables and the squeezing parameters α 1 and α 2 . Notice that α k s are the variables associated to a quantum wavefunction and there exist a one-to-one correspondence between α k s and the phase-space variables which can be seen in Eq. (11). Thus for every classical initial condition (x, p x , y, p y ), a corresponding quantum tensor product wavefunction ψ(x, y) can be found. This correspondence is reflected further in the optical equivalence theorem [Sudarshan, 1963] .
The Fastest Lyapunov Indicator
In order to measure the degree of chaos associated to a classical initial condition, the Fastest Lyapunov Indicator (FLI) is computed numerically. A dynamical system evolving under the continuous time t obeys the following differential equation
The variation vector ξ associated with a given trajectory x(t) obeys the linear differential equation
The FLI was introduced by Froeschlé and Lega [2000] and it is defined as
where t f is the stopping time. A detailed description on the application of the FLI can be found in [Barrio, 2006] and the references therein.
Quantum Entanglement and the Classical Phase-Space Structure
In order to explore the connection between the classical chaos and quantum entanglement in the Hénon-Heiles Hamiltonian, the Poincaré sections of phase-space with energy E λ = 6.6666 and E λ = 13.3333 are plotted in Figs. 1(a) and 2(a) respectively. Red markers shown inside the Poincaré section indicate the coordinates of the classically centered initial coherent state (CICS). For the notational convenience of the parameters of the CICS, a single parameter ζ is occasionally used to denote the squeezing parameters (ζ 1 = ζ 2 ) of the equally squeezed tensor product coherent state. From the previous research works, it can be seen that the classical dynamics of the Hénon-Heiles Hamiltonian is usually studied with the coupling constant λ = 1, while in the quantum chemistry community the value of the coupling constant λ = 1/ √ 80 is widely used to study the corresponding quantum system. This is due to the fact that the quantum system is usually analyzed with perturbation theory, so that a small value of the coupling constant λ is preferred Fig. 1 . The Poincaré section of the Hénon-Heiles system with energy E = 6.6666 and λ = 1/ √ 80 taken at the plane x = 0 is shown in (a). The cross symbols inside the Poincaré section denote the initial values of the coherent states which had been chosen to study the entanglement dynamics and the numbers denote the orbit numbers. Hence the entanglement dynamics of a total of 11 orbits are studied. Entanglement dynamics of different classical trajectories are plotted in (b). Blue circles shown in (b) indicate the maximum value of the entanglement for the coherent states and the rest of the different markers show the maximum of the entanglement for the squeezed coherent states. It can be clearly seen that, as the size of the classical tori decreases, the maximum of quantum entanglement entropy decreases and reaches a minimum for the orbit 7. As we move to the right from the orbit 7 to the orbit 8 until the orbit 11, the size of the classical tori increases, so that the maximum of entanglement again starts to increase. Fig. 2 . The Poincaré section of the Hénon-Heiles system with energy E λ = 13.3333 and coupling constant λ = 1/ √ 80 taken at the plane x = 0 is shown in (a). The cross markers inside the Poincaré section denote the initial values of the coherent state which had been chosen to study the entanglement dynamics and the numbers denote the corresponding orbit numbers. Here the orbits from 1 to 4 are regular and the rest of the orbits (from 5 to 7) are chaotic. Blue circles shown in (b) indicate the maximum value of the entanglement for the coherent state and the rest of the different markers show the entanglement maxima for the squeezed coherent states. We can clearly see that for the squeezed coherent state, the chaotic orbit has the higher entanglement maximum compared to the regular ones. Notice that, the highly chaotic orbit 7 has a negligible entanglement enhancement compared to the weakly chaotic orbits and the regular orbits.
to obtain a better numerical accuracy. In our case, we do not use the perturbation theory to study the quantum system, so that the small value of λ is not a numerical constraint here. It is known that the Hénon-Heiles Hamiltonian obeys a scaling invariance under the phase-space variable transformation Q 1 = λx and P 1 = λp x , Q 2 = λy and P 2 = λp y , and the energy will be scaled like E λ = E/λ 2 . Here E λ corresponds to the energy associated with the Hamiltonian H(p x , q x , p y , q y , λ) [see Eq. (1)] while E corresponds to the energy associated with the Hamiltonian H(P 1 , Q 1 , P 2 , Q 2 , λ = 1) which is extensively explored by the classical chaos community. Hence E λ = 6.6666 corresponds to E = 1/12 and E λ = 13.3333 corresponds to E = 1/6, which are the numerical values widely used by the classical chaos community.
Regular phase-space and quantum entanglement
We first look into the entanglement dynamics in the regular phase-space case. For the classical energy E λ = 6.6666 and coupling constant λ = 1/ √ 80, the classical phase-space of the Hénon-Heiles system is regular, and the Poincaré section consists of tori of different sizes [see Fig. 1(a) ]. This has already been pointed out by Hénon and Heiles [1964] . In the quantum regime we choose a tensor product squeezed coherent state centered around the markers given inside the Poincaré section which is shown in Fig. 1(a) . Then, the entanglement dynamics is analyzed during the time evolution of these wavepackets and the entanglement maxima are plotted in Fig. 1(b) . It is observed that the entanglement maxima increases as we go from the smaller inner classical tori to the bigger outer tori. In other words, the entanglement production depends on the nature of the underlying classical trajectory. This can be easily seen from Fig. 1(b) , and it is clear that the entanglement production is larger for the larger tori and smaller for smaller tori. These results are in accordance with the result of the Pullen-Edmonds Hamiltonian as pointed out by Zhang and Jie [2008] . In their analysis, they already had shown that for the coherent states the entanglement maximum is directly associated with the size of the classical tori on the Poincaré section. Here, we can clearly see that those results are not only true for the coherent states but also true for the squeezed coherent state in the Hénon-Heiles system. Notice that, as the tori size increases, the entanglement enhancement via squeezing gets smaller.
Chaotic phase-space and quantum entanglement
Here, a detailed analysis on the entanglement dynamics and its quantum classical correspondence is performed on the chaotic phase-space. It is widely known that, for energy E λ = 13.3333 and coupling constant λ = 1/ √ 80, the classical phase-space of the Hénon-Heiles system is predominantly chaotic. In the Poincaré section shown in Fig. 2(a) , the classical tori fill only a small region of the phasespace. This has already been pointed out by Hénon and Heiles [1964] . It can be seen that in the quantum regime, an initial tensor product coherent state becomes entangled during its time evolution, consequently the value of the von Neumann entropy saturates after a specific interval of time. In Fig. 2(b) the entanglement maxima are plotted for the squeezed coherent states corresponding to different classical orbits. From Fig. 2(b) it can be seen that, the entanglement maxima are higher for the chaotic orbit and smaller for the regular orbit. In other words, the entanglement production depends on the dynamical nature of the underlying classical trajectory. These results are again in accordance with the result pointed out by Zhang and Jie [2008] on the PullenEdmonds Hamiltonian. Notice that, it can be seen from Figs. 2(a) and 2(b) that the orbits 5-7 are in the middle of the chaotic sea, thus the enhancement of entanglement due to squeezing is smaller in these cases, compared with the rest of the regular orbits.
We can also see that the enhancement of entanglement via squeezing is higher in regular orbits (orbits 1 to 4) compared to the rest of the chaotic orbits. For the highly chaotic orbit 7, the enhancement of entanglement is extremely small compared with all other orbits. Even chaotic orbits 5 and 6 have larger entanglement enhancement due to squeezing, compared to the highly chaotic orbit 7.
To have a clear picture of the difference in entanglement enhancement, orbits 1 and 7 from the mixed phase-space are plotted in Fig. 3 . It can be seen from Fig. 3(a) that the entanglement enhancement via squeezing is higher for the regular orbit 1 of the mixed phase-space as compared to the highly chaotic orbit 7 shown in Fig. 3(b) . This crucial difference in the entanglement enhancement in the chaotic orbits can be understood in terms of the degree of chaos present in these individual orbits.
Since FLI is a good tool to measure the degree of chaos, in Fig. 4 the FLI is plotted for all the seven orbits of the chaotic phase-space [see the corresponding orbits Fig. 2(a) ]. It is important to mention that, FLI simply measures the maximum of the divergence of the nearby trajectories in the phase-space for a given time interval t f , hence it is always a positive definite quantity. It is already known that FLI increases linearly with respect to time for a regular orbit while there exist an exponential growth for a chaotic orbit. From Fig. 4 , it can be seen that orbit 7 has a higher degree of chaos, Fig. 2(a) ] and the chaotic orbit [orbit 7 which is shown in Fig. 2(a) ] are shown in (a) and (b) respectively. Note that both orbits have the classical energy E λ = 13.3333. From these figures, it can be seen that the entanglement enhancement via squeezing is negligible for the chaotic orbit as compared to the regular orbit.
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Int Fig. 2(a) . It can be clearly seen that FLI is higher for the chaotic orbit and smaller for the regular orbit. Notice that, orbit 7 has the higher valued FLI compared to the other chaotic orbits 5 and 6. This clearly explains the observed quantum entanglement maxima of the chaotic orbits.
since FLI is higher in this case. Hence, it can be argued that the entanglement maximum is directly related to the degree of chaos present in the classical trajectory. Note that we can have a one-toone correspondence between the FLI in Fig. 4 and the entanglement maximum shown in Fig. 2(b) . In each orbit the FLI and the entanglement are increasing gradually. From this observation, we can easily explain the observed difference in the entanglement enhancement of the chaotic orbits. It is observed that the Møller's wavefunction given in Eq. (12) can give a position squeezed coherent state for the negative values of the squeezing parameter. Since the position squeezed wavefunction is more localized in the configuration space and there is a good one-to-one correspondence between FLI and the entanglement maxima of the squeezed coherent states as compared to the coherent state, it is important to note that the highly chaotic orbit 7 can give a higher value of entanglement maximum even without squeezing. It is already known that quantum chaos can define an upper bound in the entanglement dynamics. Thus, the obtained dynamical entanglement of the highly chaotic orbit 7 is closer to the upper bound. Further action of the squeezing operation does not enhance the entanglement beyond this value. This will explain the negligible entanglement enhancement of the chaotic orbit 7, while in the case of chaotic orbits 5 and 6, the degree of chaos is smaller and the entanglement maximum is not closer to the upper bound. Thus, applying the squeezing can enhance the entanglement in these orbits up to the allowed upper bound. It is to be noted that the chaotic orbits always have a higher entanglement maximum compared to the regular orbit and the quantum classical correspondence is always maintained. The quantum density spectrum of the squeezed coherent state can shed light on these results. Quantum density spectrum ρ nn is computed from the Fourier transform of the autocorrelation function of the time evolved wavefunction. In Fig. 5 , the quantum density spectrum of the squeezed coherent state is plotted with classical energy E = 13. Fig. 5(a) the quantum density contains less number of frequency components, when the squeezing is applied the density spectrum contains more additional frequencies with a smaller amplitude. The same is true for the classically chaotic orbit 7 shown in Figs. 5(c) and 5(d). Hence it is clear that the squeezing operation can increase the number of frequency components in the quantum density spectrum. From the semi-classical analysis, it is already known that the quantum frequency spectrum is intriguingly linked to the EBK tori in the phase-space [Martens & Ezra, 1985] . It has been seen that the increased number of frequency components due to squeezing operation in the chaotic case is minimal compared to the regular ones. These frequency components can be easily related to the classical tori in the phase-space. In the classical sense, the squeezed coherent state can be considered as a squeezed Gaussian ensemble of classical initial conditions around a mean phase-space point. Thus it can be said that the squeezing operation samples more regions in the phase-space and there exist a saturation value of the available phasespace region. Once the orbit is highly chaotic, the accessible phase-space region is already higher and squeezing operation cannot enhance this accessible region considerably, while the weakly chaotic orbit can access little more available phase-space region. In the case of regular orbit a smaller squeezing can lead the classical trajectories into more accessible regions of the phase-space since the trajectory occupies a smaller region of the available phase-space. This again explains the observed difference in the entanglement enhancement dependence on the degree of chaos present in the orbits. In short, our observation is that for the regular orbit the entanglement enhancement via squeezing is higher compared to the chaotic orbit. If the orbit is highly chaotic, then the entanglement enhancement is negligible. Feingold and Peres [1985] had explored the propagators associated to the chaotic and regular orbits. They had found that the rms time average of a chaotic propagator is nearly uniformly spread in the Hilbert space. On the other hand the propagator from a regular state is localized in a subset of states and it almost does not reach other parts of the Hilbert space. In the context of the wavepacket dynamics a chaotic initial condition can visit more regions in the Hilbert space compared to a regular initial condition. In the pure classical regime, it is already known that the chaotic
